Local regularity and local boundedness results for very weak solutions of obstacle problems of the A-harmonic equation divA x, ∇u x 0 are obtained by using the theory of Hodge decomposition, where |A x, ξ | ≈ |ξ| p−1 .
Introduction and Statement of Results
Let Ω be a bounded regular domain in R n , n ≥ 2. By a regular domain we understand any domain of finite measure for which the estimates for the Hodge decomposition in 1. Ω .
1.3
The function ψ is an obstacle and θ determines the boundary values.
where
n are a divergence-free vector field, and the following estimates hold:
where c 1 c 1 n, p is some constant depending only on n and p. 
Definition 1.1 see 2 . A very weak solution to the
Notice that in the above proposition we have restricted ourselves to the case r < n, because when r ≥ n, every function in W 1,r loc Ω is trivially in L t loc Ω for every t > 1 by the classical Sobolev imbedding theorem.
In the first part of this paper, we continue to consider the local regularity theory for very weak solutions of obstacle problem by showing that the condition ψ ≥ 0 in Proposition 1.3 is not necessary. Ω , r < s < n, and r 1 < r < min{p, n}.
As a corollary of the above theorem, if r p, that is, if we consider weak solutions of K p ψ,θ -obstacle problem, then we have the following local regularity result.
We omit the proof of this corollary. This corollary shows that the condition ψ ≥ 0 in the main result of 12 is not necessary.
The second part of this paper considers local boundedness for very weak solutions of K r ψ,θ -obstacle problem. The local boundedness for solutions of obstacle problems plays a central role in many aspects. Based on the local boundedness, we can further study the regularity of the solutions. For the local boundedness results of weak solutions of nonlinear elliptic equations, we refer the reader to 4 . In this paper we consider very weak solutions and show that if the obstacle function is ψ ∈ W In the remaining part of this section, we give some symbols and preliminary lemmas used in the proof of the main results. If x 0 ∈ Ω and t > 0, then B t denotes the ball of radius t centered at x 0 . For a function u x and k > 0, let
Moreover if s < n, s
* is always the real number satisfying 1/s * 1/s − 1/n. Let T k u be the usual truncation of u at level k > 0, that is,
Let t k u min{u, k}. We recall two lammas which will be used in the proof of Theorem 1.4.
Ω , where 1 < r < n and q satisfies 1 < q < n r .
1.10
Assume that the following integral estimate holds: 
We recall a lemma from 15 which will be used in the proof of Theorem 1.6. 
Local Regularity
Proof of Theorem 1.4. Let u be a very weak solution to the K r ψ,θ -obstacle problem. By Lemma 1.8, it is sufficient to prove that u satisfies the inequality 1.11 with α r. Let B R 1 ⊂⊂ Ω and 0 < R 0 ≤ τ < t ≤ R 1 be arbitrarily fixed. Fix a cut-off function φ ∈ C
Consider the function
where T k u is the usual truncation of u at level k ≥ 0 defined in 1.9 and ψ k max{ψ, T k u }.
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By an elementary inequality 16, Page 271, 4.1 ,
one can derive that
2.6
We get from the definition of E v, u that
2.7
Now we estimate the left-hand side of 2.7 . By condition a we have
Ω , then using the Hodge decomposition 1.4 , we get
and by 1.6 we have
2.10
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Thus we derive, by Definition 1.1, that
2.11
This means, by condition c , that 
